A chain algorithm element is created from pseudo-rigid-body segments and used in a chain calculation that accurately predicts the force deflection relationship of beams with large 3-D deflections. Each chain element is made up of three pseudo-rigid-body models superimposed on each other acting orthogonally in relation to each other. The chain algorithm can predict large displacements and the force-deflection relationship of lateral torsional buckled beams significantly faster than the finite element method. This approach is not intended to compete with finite element analysis, but rather is a supplement tool that may prove particularly useful in the early phases of design when many analysis iterations are required. The 3-D chain algorithm is demonstrated and compared to the finite element analysis for the nonlinear large-deflection, post-buckling path of a flexible beam undergoing lateral-torsional buckling.
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Figure 1: Lateral torsional buckling
A common mechanism that shows the usefulness of this phenomenon is a bistable hair clip, illustrated in Figure 2 . This mechanism is made of two cantilever beams fixed at one end and pinned together with a rivet at the other. In order to pin the two beams together, they first must be buckled. Once pinned, they will flip between two stable buckled positions when an adequate load is applied to the pinned end. Research on lateral torsional buckling has focused on small deflections [1, 2] leading into the undesirable [3] buckling initiation process and the study of buckling resistances [4] . However, large deflections of lateral torsional buckling may prove useful in mechanism design [5] . 4 Pseudo-rigid-body models provide a simple method of analyzing systems that undergo large, nonlinear deflections. Pseudo-rigid-body models have been used with great success in predicting force-deflection characteristics of compliant mechanisms in two dimensions [6] . Currently, pseudo-rigid-body models have been defined for many two-dimensional cases where it is assumed that all deflections remain in a single plane. A pseudo-rigid-body model enables engineers to replace complex models of flexible members with a much simpler model of twodimensional rigid links and springs.
II. THE CHAIN ALGORITHM
Beams undergoing complex loading conditions often do not lend themselves to a pseudo-rigidbody model with a single link. A chain algorithm is another technique used to solve large deflection problems. The chain algorithm requires discretization of the object being modeled into beam elements and each element is analyzed in succession [6] . In the past, 2-D and 3-D [7] chain algorithms have depended on small deflection formulas to describe the displacements for each small beam segment. This theory allows different parts of a beam, along its length, to undergo different local displacement magnitudes.
The chain calculation procedure is an alternative to finite element analysis for nonlinear beamelement applications. A chain algorithm employs similar elements and stiffness matrix theory as traditional finite elements, but a different technique is used to solve the resulting equations [6] . Once an element has been analyzed, forces and moments on elements down the line need to be recalculated with the latest position and rotation information. Iterating through the succession of elements can be repeated until the desired accuracy is achieved. Load increments can be adjusted for better efficiency. Load increments also need to be small enough to allow the chain algorithm to converge instead of becoming unstable. In general, using a large number of load increments results in a smaller number of required iterations, and vice versa [6] .
III. PSEUDO-RIGID-BODY MODEL CHAIN
The idea of a pseudo-rigid-body model chain algorithm for 2-D problems was introduced by
Pauly and Midha [9, 10] . It relies on pseudo-rigid-body elements while implementing the chain algorithm in the same way as previously discussed. "Such a 'pseudo-rigid-body model chain'
would possess dual advantages of expediency of modeling through the use of pseudo-rigid-body representations of compliant segments, and the inherent flexibility of the chain algorithm to geometry and load boundary conditions" [9] .
Two limitations to using pseudo-rigid-body modeling techniques are noted:
1. "In its current form, suitable modifications to existing conventions in the pseudo-rigidbody modeling technique are required in order to apply the parametric relationships developed…to determine the deformation kinematics of compliant segments for varied end force loading situations" [9] .
2. "Presently, generalized pseudo-rigid-body models of reasonable accuracy are unavailable for compliant members with combined end force and moment load boundary conditions" [9] .
The method of superposition was introduced by Pauly and Midha as a way to remedy these limitations [9] . The tip force and tip moment load pseudo-rigid-body models would be calculated separately, and then their displacement results would be superposed on each other. This method provided reasonable approximations, but one limitation remained in that error was introduced into the chain approximation because of incompatibilities in superimposing the pseudo-rigidbody models on each other [9] .
Pauly and Midha, in a second paper, proposed using a "rudimentary equivalent pseudo-rigidbody model to represent compliant segments with combined load boundary conditions in the pseudo-rigid-body model chain algorithm" [10] . This method finds an equivalent pseudo-rigidbody model by adding the displacement of the two pseudo-rigid-body models as 
where 1 k and 2 k are the spring constants for the two pseudo-rigid-body models being combined.
The equivalent pseudo-rigid-body model remains incomplete because a suitable equivalent parametric angle coefficient has yet to be discovered.
IV. MODELING ORTHOGONAL DEFLECTIONS
This paper introduces a method of using pseudo-rigid body model elements in a 3-D chain algorithm that avoids the difficulty caused by the equivalent parametric angle coefficient by only superposing pseudo-rigid-body models on each other that act orthogonal to each other. Figure 4 illustrates three types of deflections with a rectangular beam that, when converted to a pseudorigid-body model, act orthogonally. The first is twist along the beam length. The second is bending in the slender direction. The third is bending in the stiff direction. As is done in classical beam theory, the shear force is neglected because the beam deflection caused by shear is very small compared to the beam deflection caused by the bending moment in the beam [11] . The moment at the beam tip is zero and increases linearly along the beam length, reaching a maximum magnitude at the beam's fixed end (see Figure 7 ). where T is the torque, L is the length of the beam, K is the torsional spring constant and G is the shear modulus. The torsional spring constant K for this element is [6]  
Here, b represents the height of the beam and h represents its width. This spring can be placed anywhere along the length of the beam segment. For convenience it will be placed at the same location as the two torsional springs previously discussed. The error associated with the torsional spring constant K is no greater than 4% [12] .
These three 2-D pseudo-rigid-body models can now be superimposed as illustrated in Figure 10 .
Each element contains the three models with the three springs placed at exactly the same point. vector, the other two spring vectors must rotate around the first vector in the same direction and with the same magnitude. This can be accomplished with the following formula [13] , which rotates a vector around another vector or axis:
where the vector v is rotated counterclockwise around the axis w by an angle  . The length of the vector is preserved.
The second difference between this element and 2-D chain elements is that the 3-D chain cantilever is indeterminate. In a 2-D chain, each segment is attached to a node with one axis of rotation. As the segment rotates along that axis, a circle is drawn with a radius equal to the length of the segment. In the 3-D chain cantilever, only two of the three degrees of freedom are required for the free segment to touch any point on a sphere with a radius equal to the length of the free segment. This indeterminacy is overcome by analyzing each of the element's orthogonal rotations in succession. First, the second and third degrees of freedom are held rigid and the element is analyzed and rotated around the first degree of freedom. Then the first and third degrees of freedom are held rigid while the second degree of freedom is analyzed and rotated.
Finally, the first and second degrees of freedom are held rigid and the element is rotated around its third degree of freedom. Although the overall deflection is large, each element is small rotates only a small amount, so each orthogonal rotation can be added together like a vector with negligible error.
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Now the 3-D chain cantilevers can be placed end to end to form a chain as illustrated in Figure   11 . The moment can now be calculated for node 1 using the moment equation:
The moment M  is now broken down into three components with respect to the local coordinate system of node 1.
Next, the rotation of the spring whose axis lies on the local coordinate system unit vector The rotation of the X-axis spring of the local coordinate system for node 1 requires that the Yand Z-axes for this local coordinate system also rotate around the X-axis the same amount and in the same direction. This is done with the vector rotation formula described in equation (5) . In this In the XY plane, there was a 0.24% difference between FEA and the chain algorithm with respect to the Y-deflection found after the beam had displaced 40% of its length (see Figure 16 ). 
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